CONCLUSIONS. The theoretical model results suggest that the ability of IOP to induce noticeable changes in retinal hemodynamics depends on the levels of BP and AR of the individual. These predictions might help to explain the inconsistencies found in the clinical literature concerning the relationship between IOP and retinal hemodynamics.
A lterations in retinal and retrobulbar hemodynamics are associated with many ocular and systemic diseases, including glaucoma, [1] [2] [3] age-related macular degeneration (AMD), 4, 5 and diabetes. 5, 6 Because the retinal vasculature is in direct contact with the intraocular pressure (IOP), it seems very likely that IOP has an impact on retinal blood flow and velocity. However, clinical evidence of such an impact is not unanimous. Several clinical studies showed a decrease in retinal and retrobulbar blood flow and velocity when IOP was increased, [7] [8] [9] [10] [11] [12] [13] [14] whereas other studies did not find any significant changes in retinal and retrobulbar hemodynamics with changes in IOP. [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] Most of the hemodynamic measurements obtained after trabeculectomy provide evidence of increased blood velocity as a result of lowering IOP. 9, 13, 14 Galassi et al. 9 found that, following trabeculectomy, end-diastolic velocity (EDV) was increased and resistive index (RI) was decreased in the ophthalmic artery (OA), central retinal artery (CRA), and short posterior ciliary arteries (SPCAs). Similarly, Trible et al. 14 found sustained increases in mean flow velocity (MFV) and EDV and decreases in RI in the CRA and SPCAs after trabeculectomy. Synder et al. 13 demonstrated an increase in blood velocity in the posterior ciliary arteries in the 18 trabeculectomy cases they investigated. However, Cantor 17 found that despite a mean IOP reduction of 17.1 mm Hg, 15.5 mm Hg, and 15.1 mm Hg at 3, 6, and 12 months after trabeculectomy, respectively, the 17 glaucoma patients evaluated in the study did not show any significant change in ocular hemodynamic parameters.
The effects of IOP-lowering topical medications (such as prostaglandin analogues, carbonic anhydrase inhibitors, and beta blockers) on retrobulbar hemodynamics also have been assessed. Some studies found slightly increased retrobulbar circulation in patients on these medications, 7, 11, 12 whereas most of the studies found that treatment with topical medications did not have a significant effect on retrobulbar hemodynamics. 15, 16, [19] [20] [21] [22] [23] [25] [26] [27] Only a few studies have been conducted to evaluate the effect of IOP elevations on ocular hemodynamics, and these also have provided variable results. Harris et al. 10 used suction ophthalmodynamometry to increase IOP from a baseline average value of 14 mm Hg to 45 mm Hg in 11 healthy subjects. In the CRA, peak systolic velocity (PSV) and EDV decreased and the RI increased in steady progression as IOP was acutely elevated, while no changes occurred in the OA. Findl et al. 8 found that increased IOP (þ10, þ20 mm Hg via suction cup) led to decreased blood velocities (as measured by Doppler sonography) in the CRA in 10 healthy volunteers, but no changes in the OA. However, Conway et al. 18 used suction with laser in situ keratomileusis (IOP was elevated above 85 mm Hg for 90 seconds) in 10 healthy subjects and no hemodynamic changes were found after releasing the suction (as measured by Color Doppler Imaging [CDI] , Heidelberg Retinal Flowmeter, and ocular blood-flow analyzer).
In summary, clinical evidence for the relationship between changes in IOP and consequent changes in retinal and retrobulbar hemodynamics is inconsistent and therefore difficult to interpret. However, the inconsistent results are likely due to the numerous factors, including arterial blood pressure (BP) 2, [28] [29] [30] [31] [32] and blood flow autoregulation (AR), 2, [33] [34] [35] that influence the relationship between IOP and ocular hemodynamics, and the intrinsic difficulty of evaluating the individual contribution of these factors in a clinical setting.
Mathematical modeling can be used to investigate the complex relationship between IOP and retinal and retrobulbar hemodynamics by assessing the mechanical action of IOP on clinically measurable hemodynamic quantities, such as total retinal blood flow and CRA blood velocity. 36, 37 Over the past 2 decades, theoretical models have been used to study stress and strain distributions induced by IOP elevation in ocular tissues, [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] most importantly in the lamina cribrosa, although these models did not consider blood supply to the tissue. Theoretical models also have been used to assess the arteriovenous distribution of hemodynamic parameters in the retinal microvasculature, 57-60 but they did not consider the biomechanical response of the retinal vasculature to IOP. Recently, Arciero et al. 61 used a theoretical model to study the retinal microcirculation and predict the relative importance of regulatory mechanisms in achieving blood flow autoregulation, but the model did not incorporate the effects of the hemodynamics in the central retinal vessels. Guidoboni et al. 62 used a theoretical model to study the effects of IOP elevation on CRA hemodynamics, but the model was not linked to the blood circulation in the retinal microvasculature.
The current study introduces the first mathematical model that simultaneously accounts for blood flow in the central retinal vessels, blood flow in the retinal microvasculature, retinal blood flow autoregulation, biomechanical action of IOP on the retinal vasculature, and time-dependent arterial BP. The model uses a hydraulic analogy to Ohm's law in which blood flow in the central retinal vessels and retinal microvasculature is analogous to the current flowing through a network of resistances and capacitances. Variable resistances describe active and passive diameter changes due to blood flow AR and IOP, and systemic arterial BP is an input to the model. Model outputs include total retinal blood flow and blood velocity in the CRA, central retinal vein (CRV), and microvasculature, thereby allowing for direct comparison between model predictions and clinically measurable quantities. The main goal of the present study is to use this mathematical model to interpret the inconsistent clinical observations concerning the relationship between IOP and retinal and retrobulbar hemodynamics.
METHODS
The retinal vasculature is represented by the model depicted in Figure 1 . The vasculature is divided into five main compartments: the CRA, arterioles, capillaries, venules, and the CRV. Using the analogy between hydraulic and electrical circuits, blood flow is modeled as current flowing through a network of resistors (R), representing the resistance to flow offered by blood vessels, and capacitors (C), representing the ability of blood vessels to deform and store blood volume. Resistors and capacitors have been labeled with numbers from 1 to 5 to distinguish between compartments, and additional alphabetic labels are used to distinguish between segments within the same compartment. For example, the CRA compartment is referenced by the label 1 and it includes a retrobulbar segment with resistances R 1a and R 1b , a translaminar segment with resistance R 1c , and an intraocular segment with resistance R 1d . We remark that the resistance of the retrobulbar segment has FIGURE 1. Network model for the retinal vasculature. The vasculature is divided into five main compartments: the CRA, arterioles, capillaries, venules, and the CRV. Each compartment includes resistances (R) and capacitances (C). The intraocular segments are exposed to the IOP, the retrobulbar segments are exposed to the RLTp, and the translaminar segments are exposed to an external pressure that depends on the internal state of stress within the lamina cribrosa (gray shaded area). Diameters of venules and intraocular and translaminar segments of the CRA and CRV are assumed to vary passively with IOP, whereas arterioles are assumed to be vasoactive.
been split into R 1a and R 1b so that the capacitance C 1 acts on the mean retrobulbar pressure, P 1 . The blood flow through the retinal vascular network is driven by P in and P out , which represent the BPs upstream of the CRA and downstream of the CRV, respectively.
The vascular segments are exposed to various external pressures depending on their position in the network. The intraocular segments are exposed to the IOP, the retrobulbar segments are exposed to the retrolaminar tissue pressure (RLTp), and the translaminar segments are exposed to an external pressure that depends on the internal state of stress within the lamina cribrosa. The IOP-induced stress within the lamina cribrosa is computed by using a nonlinear elastic model described in the Appendix.
The resistances of the venules and intraocular and translaminar segments of the CRA and CRV are assumed to vary passively with IOP, as detailed in the Appendix. The resistance of arterioles is assumed to vary actively to achieve a relatively constant blood flow despite changes in the ocular perfusion pressure (OPP), defined as OPP ¼ 2/3 MAP -IOP, where MAP is the mean arterial pressure at the level of the brachial artery (MAP ¼ 2/3 DP þ 1/3 SP), and DP and SP are diastolic and systolic arterial BPs, respectively. Arrows have been used in Figure 1 to indicate all resistances that can vary, either passively or actively.
Governing Equations
Ohm's law states that the flow Q through a resistor is directly proportional to the pressure drop DP across the resistor, with a proportionality constant equal to the reciprocal of the resistance, namely Q ¼ DP/R. The flow Q through a capacitor is directly proportional to the time derivative of the pressure drop across the capacitor, with a proportionality constant equal to the capacitance, namely Q ¼ C d(DP)/dt. Kirchoff's law guarantees the conservation of mass in the system, which means that at every network node the following relationship must hold: volume change ¼ flow in -flow out. The application of Kirchoff's law to the retinal vascular network shown in Figure 1 leads to the following system of ordinary differential equations for the pressures (P):
The inlet and outlet pressures P in and P out vary with time along a cardiac cycle and, consequently, the pressures calculated via Equation 1 are time dependent.
Control Values of Flow Rate, Resistances, Pressures, and Capacitances
A control state for the system is defined to represent typical conditions of a healthy eye. Control values of any given quantity will be indicated with an overline bar. 99 Quarteroni et al. 97 Wall thickness h, lm 39.7 Baleanu et al. 101 10.7 Wetterer et al. 102 * CRA/CRV diameter ratio is assumed to be the same as that for the first generation arteries/veins in the model by Takahashi et al. 60 † Blood viscosity in the CRV is assumed to be 8% larger than that in the CRA as in the model by Takahashi et al. 60 ‡ Poisson's ratio of the CRV wall is assumed to be the same as that for the CRA wall. Resistances. According to Poiseuille's law, the resistance of a vessel is R ¼ 128 lL/pD 4 , where D and L are vessel diameter and length and l is the blood viscosity. Using this law and the data reported in Table 1 , the control values of the CRA and CRV resistances are computed and summarized in Table 2 . Determining the control values of arteriolar, capillary, and venular resistances is more complex, because these compartments include a hierarchy of numerous vessels of various diameter. We adopt the dichotomous network (DN) model for the retinal microcirculation proposed by Takahashi et al. 60 to describe the hierarchical architecture of arterioles, capillaries, and venules and compute their resistances. The DN model includes 14 levels of arterioles, 1 level of capillaries, and 14 levels of venules; each level includes a specific number of parallel vessels. In our model framework, we divided these 29 vascular levels into the corresponding model compartments according to vessel size. All the vessels with diameter less than 6.5 lm were defined as capillaries, as shown in Figure 2 . Vessel number, diameter, length, and blood viscosity for the 29 levels in the DN model are reported in Takahashi et al., 60 and the corresponding values of the lumped resistances used in the current model are summarized in Table 2 . It is important to note that the viscosity values used in the model are effective viscosity values that are based on an empirical relationship and depend on vessel diameter. In this way, the model takes into account the corpuscular nature of blood. R in and R out incorporate the vasculature upstream of the CRA and downstream of the CRV. Their control values are determined by the control valueQ of the total retinal blood flow and the control values of pressuresP in ,P 1 , in , andP out ,P 5 , out (defined below).
Pressures. The control value of the input pressure is chosen to be two-thirds of the MAP measured at the level of the brachial artery, where the factor two-thirds accounts for the distance from the brachial artery to the eye. 73 Because SP ¼ 120 mm Hg and DP ¼ 80 mm Hg, it follows thatP in ¼ 62.2 mm Hg, as reported in Table 3 . The control pressure between arterioles and capillaries,P 2,3 , is set at 32 mm Hg. 61, 74 The control pressures at all the other nodes of the network are computed using Ohm's law and the previously computed control values of the resistances, namelyP i ¼P j ÀR i,jQ , where the subscripts i and j indicate any two consecutive nodes and R i,j indicates the resistance between them. The control value of the outlet pressure is chosen to beP out ¼ 14 mm Hg, so that it is less thanP 5 , out and higher than the jugular venous pressure (normally between 4 and 6 mm Hg 75 ). All control pressures are summarized in Table 3 .
Capacitances. The capacitance of a fluid compartment represents its ability to store fluid volume for a given difference between the pressure inside and outside the compartment. The capacitance of vascular compartments can be computed as the product of vascular volume (Vol) and distensibility (Dist). 76 The control values of the CRA and CRV volumes are computed as Vol cra ¼ pD 2 cra L cra /4 and Vol crv ¼ pD 2 cra L crv /4. Analogously, the control values of the volumes of arterioles, capillaries, and venules are computed by using the level architecture and data reported by Takahashi et al. 60 The distensibilities of the CRA and the retinal arterioles are assumed to be equal to those of the cerebral arteries, 76 Table 4 .
Time-Profiles of the Input and Output Pressure Waves
The time profile of P in and P out at the control state are determined through an inverse problem based on CDI measurements of blood velocity in the CRA and CRV, as shown in Figure 3a . The centerline blood velocity V(t) in the CRA and CRV is given by V(t) ¼ 8Q(t)/pD 2 , where Q(t) ¼ DP(t)/R(t) and DP(t) is the pressure drop across the resistor. Thus, Equation 1 can be used to determine the time profiles P in (t) and P out (t) that give the CRA blood velocity profiles shown in Figure 3b when the system is at its control state. The control profiles of P in (t) andP out (t) are shown in Figure 3c, 
RESULTS
In this study, Matlab (MathWorks, Natick, MA, USA) is used to solve Equation 1 for six different cases corresponding to different clinical conditions. Specifically, the six cases represent patients with high, normal, and low arterial BP (HBP-, NBP-, LBP-), with functional or absent blood flow autoregulation (-wAR, -woAR), as summarized in Table 5 . Systolic/ diastolic arterial BPs for cases HBP-, NBP-, and LBP-are assumed to be 140/90 mm Hg, 120/80 mm Hg, and 100/70 mm Hg, respectively. Functional AR is simulated by allowing arteriolar resistances R 2a and R 2b to vary according to Equation 4 in the Appendix. To simulate the absence of autoregulation, arteriolar resistances R 2a and R 2b do not change and are set equal to their control valuesR 2a andR 2b .
Model Validation
The model-predicted mean values of blood velocity and flow along the retinal vascular network obtained for the NBPwAR case, representing a normal clinical condition, are compared in Figures 4a and 4b with measurements obtained by Garcia et al. 77 and Riva et al. 78 using bidirectional laser Doppler velocimetry in healthy individuals. The pressures at each node of the network are computed from Equation 1 and then velocity and flow in arterioles, capillaries, and venules are determined assuming the network architecture proposed by Takahashi et al. 60 The model-predicted values of total retinal blood flow for IOP ¼ 15 mm Hg and MAP between 65 and 115 mm Hg are compared with data measured by Dumskyj et al., 69 Feke and Pasquale, 70 Feke et al., 71 and Harris et al. 63 in Figure  4c . The model-predicted values are normalized with respect to the control state, and the measured data are normalized with respect to their reported baseline value.
Theoretical Investigations
The mathematical model is used to investigate the effects of BP and blood flow AR on the IOP-induced hemodynamic changes in total retinal blood flow, CRA blood velocity, and intraluminal BP along the retinal vasculature. The model predictions for total retinal blood flow, computed as the time-average of Q(t) over a cardiac cycle, PSV, EDV, and RI in the CRA are compared for cases NBPwAR, NBPwoAR, HBPwAR, HBPwoAR, LBPwAR, and LBPwoAR in Figure 5 . The cases represent individuals with NBP-, HBP-, or LBP-, and with -wAR or -woAR. and 5h. As shown in Figure 6 , the range of IOP for which PSV is within 5% of its control values is significantly larger than the range for EDV, and the ranges do not overlap in the HBPwAR and HBPwoAR cases.
Intraluminal Blood Pressure. The model-predicted values of BP in the five model compartments of the retinal vasculature for IOP equal to 15, 30, and 45 mm Hg are compared in Figure 7 for the six representative clinical cases described in Table 5 . Pronounced changes in pressure are visible in the CRA, arterioles, capillaries, and venules with IOP elevation, while the pressure in the CRV remains relatively constant. As expected, when IOP is sufficiently high, the venules collapse. The degree to which the vessels collapse depends on the MAP of the individual. In particular, the model predicts that for an IOP ¼ 45 mm Hg, the venules are collapsed to a lesser extent in HBP patients than in NBP and LBP patients.
Clinical Data and Theoretical Predictions
The mathematical model is used to aid the interpretation of clinically measured hemodynamic responses to surgical IOP reduction in glaucoma patients and induced IOP elevation in healthy individuals.
Surgical IOP Reduction on Glaucoma Patients. Galassi et al. 9 and Trible et al. 14 Figure 8A shows that the PSV values measured by Harris et al. 10 and predicted by our model in the NBP-case fall precisely in the same range.
The model-predicted values of percent change in the CRA mean flow velocity with IOP elevation are compared with the clinical data by Findl et al. 8 in Figure 8b . In the study by Findl et al., 8 IOP was raised 20 mm Hg above baseline in two steps and then was reduced by 10 mm Hg before releasing the suction cup. Measurements were performed at approximately 3 mm behind the optic disc surface, corresponding to the retrobulbar CRA segment in our model. Findl et al. 8 considered healthy 
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individuals and therefore the clinical data are compared with the NBP-model predictions.
DISCUSSION
The combination of multiple factors, including IOP, BP, and AR, plays a primary role in determining retinal and retrobulbar hemodynamics. It is widely recognized that IOP elevation poses a serious challenge to tissue perfusion, and several animal and human studies, in addition to the results of the theoretical model presented here, have suggested that arterial BP 2,28-32 and blood flow AR 2,33-35 are also important factors influencing blood flow. However, the difficulty of isolating and assessing the contributions of arterial BP and blood flow AR in vivo limits the current understanding of their effects on tissue perfusion as IOP varies. 28 The current study introduces a mathematical model that can serve as a virtual laboratory where the contributions of arterial BP and blood flow AR can be isolated and their influence on the tissue susceptibility to IOP challenge can be predicted and assessed independently.
Model Validation
Every mathematical model is based on simplifying assumptions whose validity needs to be verified by comparing model predictions with data from independent experimental and clinical studies. Figure 4 shows that the model-predicted values of velocity and flow are consistent with clinical measurements. 63, [69] [70] [71] 77, 78 These measurements were used for comparison purposes only and were not used to estimate any of the model parameters listed in Tables 1, 4 , 7, 8, and 9. It is important to note that many of the model parameters vary among individuals. In particular, many studies have shown that the geometric and mechanical properties of the lamina cribrosa and sclera undergo change with age, 41, 42 ethnicity, 36, 79 and disease, 47, 48 and these changes strongly affect the biomechanical response of the optic nerve head tissues to IOP alterations. [50] [51] [52] [53] [54] [55] [56] The clinical studies 63, [69] [70] [71] 77, 78 used for model comparison did not report the parameter values for the geometric and mechanical properties of the lamina cribrosa and sclera, and therefore the model simulations were performed using the literature-based parameter choice reported in Tables 7 and 8 . Future data on the geometric and structural properties of the retinal vessels collected from Model assumptions are reported in boldface. Dashes indicate that the quantity was not reported in the article. 
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populations of a wide age range will help to improve on the current model predictions. Despite the simplified vascular architecture and the literature-based parameter choice, the model predictions of velocity and flow reported in Figure 4 are consistent with six independent clinical studies, providing evidence that our modeling choices are appropriate and physiologically reasonable.
Theoretical Investigations
The model simulations suggest that the hemodynamic response of the retinal vasculature to IOP variations noticeably differ among individuals with different BP and functionality of AR.
Total Retinal Blood Flow. The model predicts that the AR plateau would shift toward higher IOP values as MAP increases, as shown in Figure 6 . This is in agreement with the study by He et al., 30 who induced IOP elevations on Long-Evans rats with low, moderate, and high MAP levels and found that a higher IOP was needed to attenuate ocular blood flow in animals with higher MAP. The shift in the AR plateau also was predicted by the theoretical work of Arciero et al., 61 whose microcirculation model suggested that AR fails to operate over its expected range of arterial pressure if IOP is increased.
CRA Blood Velocity. The model predicts that the blood flow velocity in the CRA does not always decrease with IOP elevation. Figures 5b and 5c show a slight increase in PSV in the range of IOP values for which AR is achieved, namely between 15 and 23 mm Hg for NBPwAR and between 23 and 29 mm Hg for HBPwAR.
These findings have important clinical implications. For example, the model suggests that a 10-mm Hg IOP reduction in an individual with normal BP and functional AR (NBPwAR) would result in a noticeable increase in PSV and EDV in the CRA blood velocity and a noticeable increase in total retinal blood flow if IOP is reduced from 40 to 30 mm Hg. However, only minimal hemodynamic changes are predicted if IOP is reduced from 25 to 15 mm Hg. These findings could help to explain why some studies 9,13,14 report significant hemodynamic changes following trabeculectomy, whereas others do not. 17, 24 The model also suggests that IOP reductions of approximately 5 mm Hg would result in minor hemodynamic changes in all the cases considered here, which is consistent with clinical data related to topical medications. 7, 11, 12, 15, 16, [19] [20] [21] [22] [23] [25] [26] [27] However, reductions in IOP greater than 5 mm Hg may have a more significant effect on retinal hemodynamics. The hypotensive effects of prostaglandin analogues, combination therapies, and surgical interventions may far exceed this threshold depending on the patient's IOP level before medical intervention.
Intraluminal Blood Pressure. Intraluminal BP is the main driving force of local tissue perfusion and can be measured in retinal vessels by artificially increasing IOP using ophthalmodynamometry. [80] [81] [82] [83] However, the level of IOP may have an important impact on the intraluminal pressure in retinal vessels, which is uncovered by the mathematical model. The model predicts that increased IOP induces a significant increase in the intraluminal BP in all vascular compartments upstream of the CRV. This finding is consistent with the experimental observations by Glucksberg and Dunn 84 and Attariwala et al. 85 on live anesthetized cats. A hydraulic feedback mechanism could explain this phenomenon. 84, 85 Veins are more susceptible than arteries to IOP elevation, because veins have thinner walls and lower intraluminal pressure than arteries and, under extreme conditions, act like a Starling resistor and collapse. Thus, as IOP increases, resistance to flow increases in veins more than in arteries, leading to an overall increase in intraluminal pressure upstream of the veins. 86, 87 In addition, the model predicts that IOP elevation would affect intraluminal arterial pressure differently depending on whether blood flow AR is functional or absent. The study by Jonas 83 supports this finding, as correlation coefficients between intraluminal BP measured via ophthalmodynamometry and systemic BP were found lower in eyes with retinal or orbital diseases than in the control group.
Clinical Data and Theoretical Predictions
A good qualitative and quantitative agreement in the hemodynamic response to IOP changes was found between clinical data and model predictions. This suggests that the mathematical model could be used to anticipate the hemodynamic outcome of clinical IOP modulation on specific patients.
Surgical IOP Reduction on Glaucoma Patients. The clinical studies by Galassi et al. 9 and Trible et al. 14 suggest that clinically measurable changes in the retinal hemodynamic parameters occur in patients with elevated BP as IOP is reduced from 30 to 15 mm Hg. The theoretical analysis in the current study suggests that these changes are less pronounced in HBPwAR patients than in HBPwoAR patients, likely due to the compensatory mechanisms of autoregulation. 88 However, the model also suggests that if a 15 mm Hg IOP reduction falls within the regulating range predicted for HBP patients, the consequent hemodynamic changes would be negligible. This might explain why the trabeculectomy study by Cantor 17 did not observe any significant change in ocular blood flow parameters despite significant IOP reduction.
Induced IOP Elevation on Healthy Individuals. The ability to autoregulate blood flow has a noticeable effect in individuals with normal BP experiencing induced IOP elevation. Figure 8a shows good agreement between clinical data and model predictions in the NBPwoAR case when IOP is increased. Blood velocity measurements were performed immediately after IOP elevation (ie, before AR took effect), explaining why the NBPwoAR model predictions match the data more closely than the NBPwAR predictions. Consistent with this interpretation, there is better agreement between the data and the NBPwAR case in Figure 8b , as the blood velocity measurements were performed at least 5 minutes after IOP elevation, leaving time for AR to exert its influence.
Limitations of the Present Model
In the model, the geometrical architecture of the retinal vasculature is reduced to five main compartments, which do not account for the three-dimensional spatial arrangements of the vessels. An extension of the model to more realistic geometries could help to uncover hemodynamic differences observed among nasal, temporal, superior, and inferior retinal quadrants. 89 Currently, blood flow AR is modeled only phenomenologically as the ability of retinal arterioles to alter their resistance to maintain relatively constant blood flow over a certain pressure range. Expanding the model to incorporate a mechanistic AR description, such as the one developed by Arciero et al., 61 could help to investigate the hemodynamic consequences of IOP alterations in subjects who suffer from metabolic 1 or endothelial 90 dysfunction. Using the mechanistic AR description also will very likely increase the current pressure range for which AR is predicted to function. The current AR range of approximately 8 to 10 mm Hg is not consistent with the larger AR plateaus observed clinically. Implementing the model for a more realistic network geometry instead of lumping all arterioles into a single compartment also will help to yield a larger AR plateau. Finally, the lamina cribrosa is assumed to be circular, isotropic, and homogeneous, whereas its geometrical and mechanical properties are much more complex 45, 49 and vary with age, 41, 42 ethnicity, 36, 79 and disease. 47, 48 The model could be extended to include a more realistic description of the lamina cribrosa to allow for a more accurate evaluation of the effects of aging, racial differences, and diseases on the relationship between IOP and blood flow.
Concluding Remarks
Despite its several underlying assumptions, the mathematical model developed in this study offers the first theoretical framework capable of linking the mechanical action of IOP to clinically measurable hemodynamic quantities, such as total retinal blood flow and CRA blood velocity. Model simulations are used to assess the independent effects of varying arterial BP and blood flow AR on the relationship between IOP and blood flow.
Studies have generally not examined the respective roles of BP and AR on flow due to the difficulty in isolating and evaluating these two factors clinically. Our mathematical model, which is validated with clinically attained values of retinal blood flow and velocity, is used to predict how BP levels (high, normal, or low) and AR ability (functional or absent) affect retinal blood flow in response to changes in IOP. Because our model predictions are consistent with clinical data for IOP reduction via surgery and medications, as well as for induced IOP elevation, this investigation represents a first attempt to use a patient's BP and AR to more accurately predict how a patient's retinal blood flow may or may not be influenced by clinically altered IOP levels. A better understanding of this relationship could have important implications for improving the way that we therapeutically address diseases associated with retinal blood flow, including glaucoma, 1-3 AMD, 4,5 and diabetes. 5, 6 The lamina cribrosa is modeled as a nonlinear, homogeneous, isotropic, elastic circular plate of radius R lc and finite thickness h lc , satisfying the equilibrium equation
T Ñu]/2 is the Green-Saint Venant strain tensor, u is the displacement vector, l lc is the shear modulus, k lc ¼ l lc (E lc À 2l lc )/(3l lc À E lc ) is the Lame's parameter, and E lc is the Young's modulus. The elastic parameters k lc and l lc vary with the effective stress r e , as described by Guidoboni et al. 36, 62 The problem is solved in cylindrical coordinates, as shown in Figure A1 , with the boundary conditions Sn
where T is the scleral tension computed via Laplace's law T ¼ IOP R s / 2h s , where R s and h s are the radius and thickness of the sclera, respectively. Geometrical and mechanical properties of the lamina and sclera are summarized in Tables 7 and 8 ; the numerical solution of the elastic problem via finite elements is described in Guidoboni et al. 62 The radial component of the normal stress S ss at s ¼ 0 resulting from the solution of this elastic problem is assumed to be the external pressure acting on the intralaminar segments of the CRA and CRV, which are assumed to pierce the lamina in its center. 62 
Passive Variable Resistances
The vascular resistance of a blood vessel can be obtained by combining a tube law, describing the mechanical response of the vessel wall to changes in transmural pressure DP, and a hydrodynamic law, describing the fluid flow through the tube.
In the case of arteries, the Law of Laplace is used to describe a pressurized cylindrical shell and Poiseuille's law is used to describe fluid flow through the vessel. As a result, CRA resistance varies according to
with k r ¼ 8 pl/q, where l and q are the fluid viscosity and density, respectively;
, where E, m, and h are the Young's modulus, the Poisson's ratio, and the thickness of the vessel wall, respectively; A ref is the vessel cross-sectional area when DP ¼ 0 (assumed to be circular); and
2 . In venules and veins, the transmural pressure difference may become negative, causing the vessel to collapse. This phenomenon, known as a Starling resistor, is modeled here by replacing the Law of Laplace with a more realistic tube law 91 that allows for drastic changes in the cross-sectional area when Effects of IOP, BP, and AR on Retinal Hemodynamics IOVS j July 2014 j Vol. 55 j No. 7 j 4114 DP < 0. Resistance is thus calculated as
where the values for Young's modulus, Poisson's ratio, and the wall-to-lumen ratio are provided in Table 9 . It is worth noticing that changes in DP can be due to variations in the external pressure and/or intraluminal BP. Equation 2 is used for the segment 1d, with external pressure equal to IOP, and the segment 1c with an external pressure that depends on the IOPinduced stress in the lamina cribrosa. 62 Equation 3 is used for segments 4a, 4b, and 5a with external pressure equal to IOP, and for the segment 5b with an external pressure that depends on the IOP-induced stress in the lamina cribrosa.
Active Variable Resistances
Blood flow AR relies on the adaptation of the vascular tone of resistance vessels to changes in the perfusion pressure or metabolic needs of the tissue. Recently, Arciero et al. 61 developed a mathematical model that describes the response of resistance vessels to local changes in pressure, shear stress, carbon dioxide, and to the downstream metabolic state communicated via conducted responses. The model is based on a mechanical representation of resistance vessel walls where the total circumferential wall tension is generated by a passive component (representing the wall tension generated by the structural components of the vessel wall) and an active component (representing the wall tension generated in response to changes in smooth muscle tone). A stimulus function is defined to describe changes in smooth muscle tone according to a linear combination of various regulatory mechanisms.
The model proposed by Arciero et al. 61 cannot be directly coupled with the model for retinal blood flow developed in the present article, because the first model is stationary whereas the second model is time-dependent. The extension of the model by Arciero et al. 61 to the time-dependent case would require the description of the mechanisms regulating retinal blood flow in response to time variations of intravascular pressures, blood velocity, and shear stress, which, although beyond the scope of this article, we acknowledge as a limitation in the current article.
Thus, here we adopt a simpler phenomenological description of blood flow AR, following the method used by Lakin et al. 76 in the context of cerebral blood flow. The absence of AR is modeled by keeping the arteriolar resistance R 2a constantly equal to its . Schematic representation of geometry and boundary conditions of the elasticity problem for the lamina cribrosa. The anterior surface (f ¼ h lc /2) is subject to the IOP, whereas the posterior surface (f ¼Àh lc /2) is subject to the RLTp. The lateral surface (s ¼ R lc ) is connected to the sclera and experiences the scleral tension T.
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control valueR 2a despite changes in OPP, whereas functional AR is modeled by letting arteriolar resistance vary according to the formula: Figure 4C shows that the model predicted values of retinal blood flow in the case of functional AR are consistent with clinical measurements for various MAP levels, and this suggests that formula (3) and its related assumptions are appropriate modeling choices for retinal blood flow autoregulation.
